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Abstract
Recently, the reactormixing angle 13θ has beenmeasured precisely byDaya Bay, RENO, andT2K
experiments with amoderately large value.However, the standard formof neutrinomixing patterns
such as bimaximal, tri-bimaximal, golden ratio of types A andB, hexagonal, etc., which are based on
certainﬂavor symmetries, predict vanishing 13θ . Using the fact that the neutrinomixingmatrix can be
represented asV U U PlPMNS
†= ν ν, whereUl andUν result from the diagonalization of the charged
lepton and neutrinomassmatrices and Pν is a diagonalmatrix containingMajorana phases, we explore
the possibility of accounting for the large reactormixing angle by considering deviations both in the
charged lepton and neutrino sector. In the charged lepton sector we consider the deviation as an
additional rotation in the (12) and (13) planes, whereas in the neutrino sector we consider deviations
to various neutrinomixing patterns through (13) and (23) rotations.Weﬁnd that with the inclusion
of these deviations it is possible to accommodate the observed large reactormixing angle 13θ , and one
can also obtain limits on the charge-conjugation parity-violatingDirac phase CPδ and Jarlskog
invariant JCP formost of the cases.We then explorewhether ourﬁndings can be tested in the currently
runningNuMIOff-axis ve Appearance experiment with three years of data taking in neutrinomode
followed by three years with the anti-neutrinomode.
1. Introduction
The phenomenon of neutrino oscillation is found to be the ﬁrst substantial evidence for physics beyond the
standardmodel. The results from various neutrino oscillation experiments [1] established the fact that the three
ﬂavors of neutrinosmixwith each other as they propagate and formmass eigenstates. Themixing is described by
the Pontecorvo–Maki–Nakagawa–Sakata (PMNS)matrixVPMNS [2], analogous to theCabibbo–Kobayashi–
Maskawa (CKM)mixingmatrix in the quark sector. Themixingmatrix is unitary, and, hence, parameterized in
terms of three rotation angles 12θ , 23θ , 13θ and three CP-violating phases, oneDirac type ( CPδ ) and twoMajorana
types ( ,ρ σ), as
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where c cosij ijθ≡ , s sinij ijθ≡ and P {e , e , 1}i i≡ν ρ σ is a diagonal phasematrix, which is physically relevant if
neutrinos areMajorana particles.
The solar and atmospheric neutrino oscillation parameters are precisely known fromvarious neutrino
oscillation experiments. Recently the reactormixing angle has also beenmeasured by theDouble Chooz [3],
Daya Bay [4, 5], RENO [6], andT2K [7, 8] experiments with amoderately large value. After the discovery of
sizable 13θ , much attention has been paid to determine the charge-conjugation parity (CP) violation effect in the
lepton sector in the currently running aswell as in future long-baseline neutrino oscillation experiments. As 13θ
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is non-zero, there could be CP violation in the lepton sector, analogous to the quark sector, provided theCP
violating phase CPδ is not vanishingly small. Hence, it is of particular importance to determine theDiracCP
phase CPδ both theoretically and experimentally. The global analysis of various neutrino oscillation data has
been performed by various groups [9–12], and the hint for non-zero CPδ was anticipated in [11, 12]. Including
the data fromT2K andDaya Bay, Forero et al [13] performed a global ﬁt and found a hint for a non-zero value of
CPδ and a deviation of 23θ from 4π , with the best ﬁt values as 3 2CPδ π≃ and sin 0.572 23θ ≃ . The bestﬁt
values, alongwith their 3σ ranges of various oscillation parameters from [13], are presented in table 1.
Understanding the origin of the patterns of neutrinomasses andmixing that emerge from the neutrino
oscillation data is one of themost challenging problems in neutrino physics. In fact, it is part of themore
fundamental problemof particle physics of understanding the origin ofmasses and themixing pattern in the
quark and lepton sector. Aswe know, the phenomenon of neutrino oscillation is characterized by two large
mixing angles, the solar ( 12θ ) and the atmospheric ( 23θ ), and one not-so-large reactormixing angle 13θ . Initially
it was believed that the reactormixing angle would be vanishingly small andmotivated by such anticipation
manymodels were proposed to explain the neutrinomixing pattern that are generally based on some kind of
discreteﬂavor symmetries like S3, S4,A4, etc [14–16]. For example, the tri-bimaximal (TBM)mixing pattern
[17] is one suchwell-motivatedmodel having sin
1
3
2
12θ = and sin
1
2
2
23θ = , which plays a crucial role for
model building.However, in the TBMmixing pattern the value of 13θ is zero, and theCPphase CPδ is
consequently undeﬁned. After the experimental discovery ofmoderately large 13θ , various perturbation terms
were added to the TBMmixing pattern, and it was found that it can still be used to describe the neutrinomixing
pattern ormodel buildingwith suitablemodiﬁcations [18].
Thus, in a nutshell the experimental discovery of amoderately large value of the reactormixing angle caused
a profound change in the subject ofﬂavormodels that describe leptonicmixing. Some of themodels are
outdated, while others are suitablymodiﬁed by including appropriate perturbations/corrections to
accommodate the observed value of 13θ [19]. In this paper, wewould like to consider the effect of perturbations
to a few suchwell-motivatedmodels, which are based on certain discreteﬂavor symmetries likeA4, μ τ− , etc.
Thesemodels include TBM[17], bi-maximalmixing (BM) [20], golden ratio type A (GRA) [21, 22], golden
ratio type B (GRB) [23, 24], and hexagonal (HG) [25]mixing patterns. However, as we know, these forms do not
accommodate a non-zero value for the reactormixing angle 13θ and hence need to bemodiﬁed suitably to
provide the leptonicmixing angles compatible with the experimental data. In this paper, we are interested in
looking for such a possibility. Although this aspect has beenwidely studied in the literature (see, for example,
[18, 19, 24, 26–28]), themain difference between the previous studies and ourwork is that we have considered a
very simple formof deviationmatrix in terms of aminimal number of new independent parameters, which can
provide corrections to both charged lepton and the standard neutrinomixingmatrices. This in turn not only
accommodates the observedmixing angles but also constrains theDirac CP-violating phase CPδ .
It is well known that the determination of theCP-violating phases and, in particular, theDiracCP phase CPδ
is an important issue in the study of neutrino physics.Many dedicated long-baseline experiments are planned to
studyCP violation in the neutrino sector. The theoretical prediction for the determination of theCPphase in the
neutrinomixingmatrix depends on the approach aswell as the type of symmetries one uses to understand the
pattern of neutrinomixing.Obviously a sufﬁciently precisemeasurement of CPδ will serve as a very useful
constraint for identifying the approaches and symmetries, if any. In this work, wewould also like to explore
whether it is possible to constrain theCPphase CPδ by considering corrections to the leading-order charged
lepton and neutrinomixingmatrices and, if so, whether it is possible to verify such predictions with the data
from the ongoingNuMIOff-axis ve Appearance (NOνA) experiment.
Table 1.The bestﬁt values and the 3σ ranges of the neutrino
oscillation parameters from [13].
Mixing Parameters Best Fit value 3σ Range
sin2 12θ 0.323 0.278→ 0.375
sin2 23θ (NO) 0.567 0.392→ 0.643
sin2 23θ (IO) 0.573 0.403→ 0.640
sin2 13θ (NO) 0.0234 0.0177→ 0.0294
sin2 13θ (IO) 0.0240 0.0183→ 0.0297
CPδ (NO) 1.34π (0→ 2π)
CPδ (IO) 1.48π (0→ 2π)
m 10 eV21
2 5 2Δ − 7.60 7.11→8.18
m 10 eV (NO)31
2 3 2Δ − 2.48 2.3→ 2.65
m 10 eV (IO)32
2 3 2Δ − −2.38 −2.54→ −2.20
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The paper is organized as follows. In section 2we present the basic framework of our analysis. The deviations
to the variousmixing patterns due to neutrino and charged lepton sectors are discussed in sections 3 and 4,
respectively. Section 5 contains a summary and conclusion.
2. Framework
It is well known that the leptonmixingmatrix arises from the overlapping of thematrices that diagonalize
charged lepton and neutrinomassmatrices; i.e.,
U U U . (2)lPMNS
†= ν
For the study of leptonicmixing it is generally assumed that the charged leptonmassmatrix is diagonal, and,
hence, the correspondingmixingmatrixUl is an identitymatrix. However, the neutrinomixingmatrixUν has a
speciﬁc formdictated by the symmetry which generally ﬁxes the values of the threemixing angles inUν. The
small deviations of the predicted values of themixing angles from their correspondingmeasured values are
considered, in general, as perturbative corrections arising from symmetry breaking effects. A variety of
symmetry forms ofUν have been explored in the literature e.g., TBM, BM,GRA,GRB,HG, and so on. All these
mixing patterns can bewritten in a generalized form, as shown in [24]. For the cases of TBM, BM,GRA,GRB,
andHG forms forUν, one can have 423θ π= −ν , while 12θ ν takes the values sin (1 3 )1− , 4π , rsin (1 2 )1 +− ,
rsin ( 3 2)1 −− (r being the golden ratio, i.e., r (1 5 ) 2= + ), and 6π , respectively. Thus, the generalized
neutrinomatrixUν corresponding to these cases has the form [24]
U
cos sin 0
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1
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2
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The superscript ‘0’ is introduced to label themixingmatrix as the leading ordermatrix arising from certain
discreteﬂavor symmetries. A common feature of thesemixingmatrices is that, they predict 423θ π= ± and
013θ = , if the charged leptonmixingmatrix is considered to be a 3 3× identitymatrix. However, they differ in
their prediction for the solarmixing angle 12θ , which has the value as sin 0.52 12θ = for the BM form,
sin 1 32 12θ = for TBM, sin 0.2762 12θ = and 0.345 forGRA andGRBmixing and sin 0.252 12θ = forHGmixing
patterns. Thus, one possible way to generate corrections for themixing angles such that all themixing angles 23θ ,
12θ , and 13θ should be compatible with the observed experimental data is to include suitable perturbative
corrections to both the charged lepton and neutrinomixingmatricesUl andUν, respectively. In this paperwe are
interested in exploring such a possibility.While considering the corrections to the neutrinomixingmatrix, we
assume the charged leptonmixingmatrix to be an identitymatrix, and for correction to the charged leptonmass
matrix we consider the neutrinomixingmatrix to be either of TBM/BM/GRA/GRB/HG forms. Furthermore,
wewill neglect possible corrections toUν fromhigher dimensional operators and from renormalization group
effects.
3.Deviation inNeutrino sector
In this section, we consider the corrections to the neutrinomixingmatrix such that it can bewritten as
U U U , (4)corr0=ν ν ν
whereU 0ν is one of the symmetry forms of themixingmatrix, as described in equation (3), andU
corr
ν is a unitary
matrix describing the correction toU 0ν . An important requirement is that the correction due to thematrixU
corr
ν
should allow sizable deviation of the angle 13θ from zero and also the required deviations to 23θ and 12θ so that all
themixing angles should be compatible with theirmeasured values. As discussed in [29],Ucorrν can be expressed
asV V V23 13 12, whereVij are the rotationmatrices in the ij( )plane and, hence, can be parameterized by three
mixing angles and one phase. In this work, we consider the simplest case of such a perturbation, which involves
only aminimal set of new independent parameters; i.e., we consider the deviations involving only twonew
parameters (one rotation angle and one phase), which basically corresponds to the perturbation induced by a
single rotation. There are several variants of this approach in the literature, generally for the TBMmixing pattern
[18]. Themain difference between the previous studies and ourwork is that, apart frompredicting the values of
themixing angles compatible with their experimental range, we have also looked into the possibility of
constraining theCPphase CPδ not only for the TBMcase but also for other varieties ofmixing patterns.
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3.1.Deviation due to 23 rotation
First, wewould like to consider additional rotation in the 23 plane. Since the charged leptonmixingmatrix is
considered to be an identity in this case, the PMNSmixingmatrix can be obtained bymultiplying the neutrino
mixingmatrixU 0ν with the 23 rotationmatrix as follows
U U
1 0 0
0 cos e sin
0 e sin cos
, (5)PMNS
0 i
i
⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟ϕ ϕϕ ϕ
=
−
ν
α
α
−
whereϕ andα are arbitrary free parameters. Themixing angles sin2 12θ , sin2 23θ and sin 13θ , can be obtained
using the relations
U
U
U
U
Usin
1
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1
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2 13 3
θ θ θ=
−
=
−
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Using equations (3), (5), and (6), one obtains themixing angles as
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Thus, from equations (7)–(9), one can see that by including the 23 rotationmatrix as a perturbation, it is possible
to have nonzero 13θ , deviation of sin2 23θ from1/2, and sin2 12θ from sin2 12θ ν .With equations (7) and (8) one can
obtain the relation between sin2 12θ and sin2 13θ as
sin
sin sin
1 sin
. (10)2 12
2
12
2
13
2
13
θ θ θ
θ
= −
−
ν
Thus, it can be seen that in this case one can have sin sin2 12 2 12θ θ< ν , although the deviation is not signiﬁcant.
Therefore, the BM,GRA, andHG forms of neutrinomixing patterns cannot accommodate the observed value
of sin2 12θ within its 3σ range.
Furthermore, as we have a non-vanishing and largish 13θ , this in turn implies that it could, in principle, be
possible to observe CP-violation in the lepton sector analogous to the quark sector, provided theCP-violating
phase is not vanishingly small, in the long-baseline neutrino oscillation experiments. The Jarlskog invariant,
which is ameasure of CP violation, has the expression in the standard parameterization as
J U U U UIm
1
8
sin 2 sin 2 sin 2 cos sin (11)e e CPCP 1 2 1* 2* 12 23 13 13
⎡⎣ ⎤⎦ θ θ θ θ δ≡ =μ μ
and is sensitive to theDiracCP-violating phase.With equation (5), one can obtain the value of the Jarlskog
invariant as
J
1
4
cos sin sin 2 sin . (12)CP 12
2
12θ θ ϕ α= − ν ν
Thus, comparing the two equations (11) and (12), one can obtain the expression for CPδ as
sin
(1 sin sin )sin
(1 sin sin ) cos sin 2 cos
. (13)CP
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For numerical evaluationwe constrain the parameterϕ from themeasured value of sin 13θ and vary the phase
parameter αwithin its allowed range, i.e., π α π− ⩽ ⩽ .With equation (7) and using the 3σ range of sin2 13θ and
the speciﬁed value of sin2 12θ ν , we obtain the allowed range ofϕ for variousmixing patterns as: (10.9 14.2)− ◦ for
BM, (13.3 17.5)− ◦ for TBM, (14.8 19.2)− ◦ forGRA, (13.2 17.2)− ◦ forGRB, and (15.6 20.3)− ◦ for theHG
pattern.With these input parameters, we present our results inﬁgure 1. The correlation plot between sin2 12θ
and sin2 13θ is shown in the top panel, where themagenta, red, green, orange, and blue plots correspond to BM,
TBM,GRA,GRB, andHGmixing patterns, respectively. The horizontal and vertical dashed black lines
correspond to the bestﬁt values for sin2 12θ and sin2 13θ , whereas the vertical dashedmagenta lines represent the
3σ allowed range of sin2 12θ , and the horizontal dot-dashed lines correspond to the same for sin2 13θ . As discussed
before, one can see from the ﬁgure that the predicted values of themixing angles sin2 12θ , and sin2 13θ lie within
their 3σ ranges only for TBMandGRBmixing patterns, whereas the predicted value of sin2 12θ lies outside its 3σ
range for BM,GRA, andHGmixing patterns.With equation (13), we obtain the constraint on CPδ , as shown in
themiddle panel ofﬁgure 1 for the TBMcase, wherewe have used the 3σ allowed range of themixing angles 12θ ,
4
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23θ and 13θ . Using the predicted value of CPδ , the correlation between the Jarlskog invariant and sin sin2 13 2 23θ θ ,
is shown in the bottompanel ofﬁgure 1 for the TBMcase. The corresponding results for theGRBmixing pattern
are almost the same as the TBMcase and, hence, are not shown explicitly in the ﬁgures.However, the allowed
ranges of CPδ and JCP are listed in table 2. Since BM,GRA, andHGmixing patterns cannot accommodate the
observedmixing angles as discussed earlier in this section, the corresponding results are not listed.
Our next objective is to speculate the possible experimental indications, which could support or rule out our
ﬁndings. Aswe know, neutrino physics has now entered the precision era as far as themeasured parameters are
concerned. The currently running experiments T2K andNOνAplay amajor role in this respect. These
experiments will provide the precisemeasurement of atmospheric neutrinomass square difference and the
mixing angle 23θ through the νμ disappearance channel. They also intend tomeasure 13θ , theCP violation phase
CPδ through νμ to ve appearance. Furthermore, NuMIOff-axis ve Appearance (NOνA) can potentially resolve the
mass-ordering throughmatter effects, as it has a long baseline. In this work, wewould like to seewhether the
Figure 1.Correlation plots between sin2 12θ and sin2 13θ (top panel) for BM (magenta), TBM (red), GRA (green), GRB (orange), and
HG (blue) regions. The horizontal and vertical central lines represent the bestﬁt values, whereas the dot-dashed orange and dashed
magenta lines represent corresponding 3σ allowed ranges. The constraints on CPδ for the TBMmixing pattern are shown in the
middle panels and on JCP in the bottompanels.
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constraints obtained on CPδ in our analysis could be probed in theNOνAexperiment with three years of data
takingwith the neutrinomode followed by another three years with the antineutrinomode. For our studywe do
the simulations usingGLoBES [30, 31].
3.2. Simulation details
NOνA (NuMIOff-axis eν Appearance) is an off-axis long-baseline experiment [32, 33], that uses Fermilab’s
NuMI ¯ν νμ μ beamline. Its detector is a 14 kton totally active scintillator detector placed at a distance of 810 km
fromFermilab, near AshRiver, which is 0.8° off-axis from theNuMI beam. It also has a 0.3 kton near detector
located at the Fermilab site tomonitor the unoscillated neutrino or anti-neutrino ﬂux. It has already started data
taking from late 2014. The experiment is scheduled to have a three-years run in neutrinomode, followed by a
three-years run in anti-neutrinomodewith aNuMI beampower of 0.7MWand 120 GeVproton energy,
corresponding to 6 1020× proton on target per year. Apart from the precisemeasurement of 13θ and the
atmospheric parameters, it aims to determine the unknowns such as neutrinomass ordering, leptonic CP
violation, and the octant of 23θ by themeasurement of ¯ ¯e eν ν ν ν→μ μ oscillations.
For the simulation for theNOνAexperiment, the detector properties and other necessary details are taken
from [34, 35].We have used the following input true values of neutrino oscillation parameters in our
simulations: m 2.4 10 eVeff
2 3 2Δ∣ ∣ = × − , m 7.6 10 eV212 5 2Δ = × − , 0CPδ = , sin 0.322 12θ = , sin 2 0.12 13θ = , and
sin2 23θ = 0.5. The relation between the atmospheric parameter meff2Δ measured inmain injector neutrino
oscillation search and the standard oscillation parameter m31
2Δ in nature is given as [36]
m m m (cos cos sin sin 2 tan ), (14)eff CP31
2 2
21
2 2
12 13 12 23Δ Δ Δ θ δ θ θ θ= + −
where meff
2Δ is taken to be positive for normal ordering (NO) and negative for inverted ordering (IO).
In order to obtain the allowed region for sin 22 13θ and CPδ , we generate the true event spectrumby keeping
the above-mentioned neutrino oscillation parameters as true values and generate the test event spectrumby
varying the test values of sin 22 13θ in the range [0.02:0.25] and that of CPδ in its full range [ :π π− ]. Finally, we
calculate 2Δχ by comparing the true and test event spectra. The obtained results in the sin 2 CP2 13θ δ− plane are
shown inﬁgure 2, which are overlaid by our predicted value of CPδ . The top panel shows the1σ contours for the
running of (3 0¯ν ν+ ) years, withNOas the true hierarchy. The bottom left (right) panel represents (3 3¯ν ν+ )
years of data takingwithNO (IO) as the true hierarchy. In these plots, the inner regions (bubbles) correspond to
1σ contours, whereas the outer curves represent 3σ contours. From these plots, one can see that our results are
supported byNOνAdatawithin 3σ conﬁdence level (C.L.); however, with (3ν+3 ν¯) years of data taking, NOνA
couldmarginally exclude these results at1σ C.L.
Next wewould like to brieﬂymention the implications of future-generation long-baseline experiments such
as theHyper–Kamiokande (T2HK) and the deep underground neutrino experiment (DUNE) experiments in
our predicted results. All the details for simulation of the T2HKexperiment are taken from [35] for (3ν+7 ν¯)
years of running. TheDUNE experiment, which is basically a slightly upgraded version of the Long baseline
neutrino experiment, plans to use a 40 kton liquid argon detector. Except for the detector volume, other
characteristics are taken from [37] for the simulation for (5ν+5 ν¯) years of data taking.We use the same true
values of other input parameters as for theNOνA experiment. The correlation plots between CPδ and sin 22 13θ
are shown inﬁgure 3, overlaid by our predicted values for TBM.The plots on the top (bottom) panel are for the
DUNE (T2HK) experiment withNO/IO as the true ordering, as labeled in the plots. It can be seen from these
ﬁgures that as the sin 2CP 2 13δ θ− parameter space is severely constrained, our predicted results are expected to be
precisely veriﬁed by these experiments.
Table 2.Predicted range of theCPphase CPδ and the Jarlskog invariant JCP∣ ∣due to possible deviations for various neutrinomixing patterns.
Deviation type Neutrinomixing CPδ Range JCP∣ ∣Range
matrix pattern (in radian)
23 rotation toU 0ν TBMandGRB (0.7 1.5)± − (0.02 0.04)−
13 rotation toU 0ν TBM,GRA andGRB (0 1.5)± − (0 0.04)−
12 and 13 rotation toUl TBMandGRB (1.2 1.55)± − (0.03 0.04)−
GRA (0.6 1.5)± − (0.02 0.04)−
HG (0 1.3)± − (0 0.035)−
BM (0 0.8)± − (0 0.03)−
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3.3.Deviation due to 13 rotation
Nextwe consider the corrections arising from an additional (13) rotation in the neutrino sector, for which the
rotationmatrix can be given as
U U
cos 0 e sin
0 1 0
e sin 0 cos
(15)PMNS
0
i
i
⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟
ϕ ϕ
ϕ ϕ
=
−
ν
α
α
−
Proceeding in the similar way as in the previous case, we obtain themixing angles, using equation (6), as
sin cos sin , (16)13 12θ θ ϕ= ν
sin
sin
1 cos sin
, (17)2 12
2
12
2
12
2
θ θ
θ ϕ
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ν
ν
sin
1
2
cos sin sin 2 cos sin sin
1 cos sin
. (18)2 23
2
12
2
12
2
2
12
2
⎡
⎣⎢
⎤
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ϕ θ ϕ α θ ϕ
θ ϕ
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−
ν ν
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Analogously, the Jarlskog invariant and theCP-violating phase CPδ are given as
J
1
8
cos sin 2 sin 2 sin , (19)CP 12 12θ θ ϕ α= − ν ν
and
sin
(1 cos sin )sin
(1 cos sin ) sin sin 2 cos
. (20)CP
2
12
2
2
12
2 2 2
12
2 2 1 2⎡⎣ ⎤⎦
δ θ ϕ α
θ ϕ θ ϕ α
= − −
− −
ν
ν ν
Figure 2.The correlation between CPδ and sin 22 13θ for TBMmixing pattern (red regions) superimposed on expectedNOνAdata
where the blue dashed lines (top panel) represent the 1σ contours for 3 years of neutrino data takingwithNOas test ordering, the blue
lines in the bottom-left (NOas test ordering) and bottom-right (for IO as test ordering) panels represent the 1σ and 3σ contours for
(3ν+3 ν¯) years of running.
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In this case one obtains from equations (16) and (17)
sin
sin
1 sin
, (21)2 12
2
12
2
13
θ θ
θ
=
−
ν
which implies that sin sin2 12 2 12θ θ> ν . This, in turn, implies that BMandHGmixing patterns cannot
accommodate the observed value of 12θ within its 3σ range.
From equation (16) and using the 3σ allowed range of sin2 13θ , the allowed range ofϕ is found to be in the
range (9 15)− ◦ for variousmixing patterns. Nowusing this value ofϕ and varying the free phase parameter α in
the range π α π− ⩽ ⩽ , we obtain the correlation plots between sin2 12θ and sin2 13θ , as shown in the top left
panel ofﬁgure 4, where red, blue, and green plots are for TBM,GRB, andGRAmixing patterns. The correlation
plot for theHGandBM forms are not shown in theﬁgure, as they lie outside the allowed 3σ region of sin2 12θ .
The CPδ phase is very loosely constrained in this case as presented inﬁgure 4.We also overlaid the predicted
value of CPδ for TBMover theNOνA simulated data. In this case also, the predicted result is consistent with
expectedNOνAdata. The correlation plots between CPδ and sin2 23θ , JCP and sin (sin )2 13 2 23θ θ , as well as
between JCP and ,CPδ are also shown in theﬁgure. From the plots it can be seen that it could be possible to have a
large CP violation (10 )2 − in the lepton sector.
It should be noted that deviation due to the 12 rotationmatrix does not accommodate the observed value of
13θ asU 0e3 = for such a case.
4.Deviation in the charged lepton sector
In this sectionwewill consider the deviation arising in the charged lepton sector. For the study of leptonmixing
it is generally assumed that the charged leptonmassmatrix is diagonal, and, hence, the correspondingmixing
matrix as an identitymatrix. The deviation in the charged lepton sector and its possible consequences have been
Figure 3.The correlation between CPδ and sin2 13θ for the TBMmixing pattern (red regions) superimposed on expectedDUNEdata
(top panels), where the blue dashed lines represent the 3σ contours for (5ν+5 ν¯) years of data taking, while the bottompanels
represent the T2HK results for (3ν+7 ν¯) years of running.
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Figure 4.Correlation plots between different oscillation parameters due to 13 deviation in the neutrino sector. In the top left panel the
red, blue, and green plots correspond to TBM,GRB, andGRAmixing patterns. Other plots represent the correlation between different
mixing parameters, as indicated in the plot labels for the TBMmixing pattern. The black solid lines (in the top right and second
panels) represent the expected experimentally allowed parameter space (same as the dotted blue lines in ﬁgure 2).
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studied by various authors [24, 26–28]. In [24, 26], the form forUl is considered to be the product of two
orthogonalmatrices describing rotations in the 23 and 12 planes, which corresponds to two possible orderings,
‘standard’withU R R( ) ( )l
l l
23 23 12 12θ θ∝ and ‘inverse’withU R R( ) ( )l l l12 12 23 23θ θ∝ . Using these forms for the
leptonmixingmatrix, the values of CPδ and the rephasing invariant JCP have been predicted for the cases of
TBM, BM, LC,GRA,GRB, andHG forms of neutrinomixingmatrixUν. They have obtained the predictions for
CPδ as CPδ π≃ for BM (LC) and 3 2CPδ π≃ or 2π for TBM,GRA,GRB, andHG.Here, we consider the
simplest case, where the deviationmatrix can be represented as a single rotationmatrix in the (ij) plane, as in the
previous section for the neutrino sector.
Now considering the deviation to the charged leptonmixingmatrix as a unitary rotationmatrix either in the
(12), (23), or (13) plane, one canwrite the PMNSmatrix as
U U U , (22)PMNS ij
† 0= ν
whereUij is the rotationmatrix in the ij( )plane andU
0
ν is any one of the standard neutrinomixingmatrix form
TBM/BM/GRA/GRB/HG.However, corrections arising due to theU23 rotationmatrix is ruled out, as it gives
vanishingUe3.
4.1.Deviation due to rotation in 12 and 13 sector
Including the additional correctionmatrixU12 to the charged lepton sector, one canwrite the PMNSmatrix as
U U
cos e sin 0
e sin cos 0
0 0 1
. (23)PMNS
i
i
0
⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟
ϕ ϕ
ϕ ϕ=
− α
α ν
−
In this case we get themixing angles as
sin
sin
2
, (24)13θ
ϕ=
sin
2 sin cos cos sin
1
2
sin 2 sin 2 cos
1 cos
, (25)2 12
2
12
2 2
12
2
12
2
θ
θ ϕ θ ϕ θ ϕ α
ϕ
=
+ −
+
ν ν ν
sin
cos
1 cos
. (26)2 23
2
2
θ ϕ
ϕ
=
+
With equations (24) and (26), we obtain the relation
sin 1
1
2 cos
, (27)2 23 2
13
θ
θ
= −
which implies that sin 1 22 23θ < . The Jarlskog invariant in this case is found to be
J
1
8 2
sin 2 sin 2 sin , (28)CP 12θ ϕ α= − ν
and theCP-violating phase as
Y
sin
(1 cos )sin 2 sin
2
, (29)CP
2
12δ ϕ θ α= − +
ν
where
Y 2 sin cos cos sin
1
2
sin 2 sin 2 cos
1 cos 2 cos cos sin
1
2
sin 2 sin 2 cos . (30)
2
12
2 2
12
2
12
12
2 2
12
2
12
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
θ ϕ θ ϕ ϕ θ α
θ ϕ θ ϕ θ ϕ α
= + −
× + − +
ν ν ν
ν ν ν
Proceeding in a similar fashion as in the previous cases and considering the 3σ allowed range of 13θ , one can
obtain the allowed range ofϕwith equation (24) as (10 15)− ◦. Now varying the free parametersϕ and α in their
allowed ranges, we obtain the correlation plots between variousmixing parameters, as depicted in ﬁgure 5. It
should be noted that the correlation plots between sin2 13θ and sin2 23θ remain the same for all forms of
neutrinomixingmatrixU ,0ν as thesemixing angles depend only on the free parameterϕ and are independent
of 12θ ν (which takes different values for differentmixing patterns). For the correlation plots between
sin 2 (sin )CP 2 13 2 12δ θ θ− and J sinCP 2 13θ− , the red, green, blue, andmagenta regions correspond to TBM,
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GRA,HG, and BMmixing patterns. The GRBmixing pattern predicts the same constraints as the TBM
pattern, and, hence, the corresponding results are not shown in the plots. Furthermore, the CP-violating
phase is severely constrained in this scenario, and the Jarlskog invariant is found to be signiﬁcantly large, as
seen from the ﬁgure.
Next we consider deviation due to additional rotation in the 13 sector. In this case the PMNSmatrix is given
as
U U
cos 0 e sin
0 1 0
e sin 0 cos
(31)PMNS
i
i
0
⎛
⎝
⎜⎜⎜
⎞
⎠
⎟⎟⎟
ϕ ϕ
ϕ ϕ
=
− α
α
ν
−
Figure 5.Correlation plots between different observables due to 12 deviation in the charged lepton sector. The top left panel represents
the correlation plot between sin2 13θ and sin2 23θ . The descriptions of the other plots are indicated in the corresponding plot labels. In
these plots the red, green, blue, andmagenta regions correspond to TBM,GRA,HG, andBMmixing patterns. The black solid lines in
the top (right panel) and themiddle panel plots correspond to the experimentally allowed contours.
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Themixing angles obtained are
sin
sin
2
,
sin
1
1 cos
,
sin
2 sin cos cos sin
1
2
sin 2 sin 2 cos
1 cos
. (32)
13
2
23 2
2
12
2
12
2 2
12
2
12
2
θ ϕ
θ
ϕ
θ
θ ϕ θ ϕ θ ϕ α
ϕ
=
=
+
=
+ −
+
ν ν ν
In this case we obtain
sin
1
2 cos
, (33)2 23 2
13
θ
θ
=
which implies sin 1 22 23θ > . The Jarlskog invariant and theCPphase are found to be
( )J 1
8 2
sin 2 sin 2 sin , (34)CP 12θ ϕ α= ν
Y
sin
sin 2 sin ( 1 cos )
2
. (35)CP
12
2
δ θ α ϕ= +
ν
Since the results for this deviation pattern are almost similar to the correction due to the 12 rotation case, one
obtains the same constraints on CPδ as in the previous case, which are listed in table 2.
5. Summary andConclusion
The recent observation ofmoderately large reactormixing angle 13θ has ignited a lot of interest to understand the
mixing pattern in the lepton sector. It also opens up promising perspectives for the observation of CP violation
in the lepton sector. The precise determination of 13θ , in addition to providing a complete picture of the
neutrinomixing pattern, could be a signal of the underlying physics responsible for leptonmixing and for the
physics beyond the standardmodel. In this context a number of neutrinomixing patterns like TBM/BM/GRA,
etc., were proposed based on some discreteﬂavor symmetries like S3,A4, μ τ− , etc. However, these symmetry
forms of themixingmatrices predict a vanishing reactor andmaximal atmosphericmixing angles. To
accommodate the observed value of relatively large 13θ , thesemixing patterns should bemodiﬁed by including
appropriate perturbations. In this work, we have considered the simplest case of such perturbation, which
involves only aminimal set of new independent parameters, i.e., one rotation angle and one phase, (which
basically corresponds to perturbation induced by a single rotation), and found that it is possible to explain the
observed neutrino oscillation datawith such corrections. The predicted values of CPδ are expected to be
supported by the data from the currently runningNOνA experiment with (3ν+3 ν¯) years of data taking.We
have also shown that it is possible to predict the value of theCP phasewith such corrections.We have also found
that a sizable leptonic CP violation characterized by the Jarlskog invariant JCP, i.e., J 10CP 2∣ ∣ ∼ − , could be
possible in these scenarios.
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